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PELLER’S PROBLEM CONCERNING KOPLIENKO-NEIDHARDT 
TRACE EORMULAE : THE UNITARY CASE 

CLEMENT COINE, CHRISTIAN LE MERDY, DENIS POTAPOV, FEDOR SUKOCHEV, 

AND ANNA TOMSKOVA 


Abstract. We prove the existence of a C^-function / : T ^ C defined on the 
unit circle, a unitary operator U and a self-adjoint operator Z in the Hilbert- 
Schmidt class S^, such that 

- fiU) - ^ 5 I, 

the space of trace class operators. This resolves a problem of Peller concerning 
the validity of the Koplienko-Neidhardt trace formula for unitaries. 

2000 Mathematics Subject Classification : j7A55, j'^/BlO, j7A56. 

1. Introduction 

Let "H be a Hilbert space and let B{'H) be the algebra of all bounded operators 
on T-i equipped with the standard trace Tr. For any 1 < p < oo, let S^{T-L) denote 
the Schatten p-class over 'H. Let T = { 2 ;cC : |z| = l} denote the unit circle of 
the complex plane. Let / be a function on T, admitting a decomposition f(z) = 
J2’i^=-oo Cn-z", z €T with J2’^=-oo < OO. Let U G B{%) be a unitary operator 

and let Z G S^{'H) be a self-adjoint operator. In 1962, M. G. Krein proved a result 
(see o Theorem 2]) implying that there exists a unique function rj G L^(T) (not 
depending on /) such that 

(1) Tr{f{C^U) - f{U)) = [ f{z)7j{z)dz. 

Jt 

The function 77 above is called Lifshits-Krein spectral shift function, it plays an 
important role in scattering theory, where it appears in the formula of the deter¬ 
minant of scattering matrix (for detailed discussion we refer to [ 1 ] and references 
therein, see also self-adjoint version of formula 0 in 0)- 

Observe that the right-hand side of o makes sense for every Lipschitz function /. 
In 1964, M. G. Krein m discussing a self-adjoint version of formula ((T|) (introduced 
in 1953, see [9l Theorem 4]) conjectured that the left-hand side of ([T|) also makes 
sense for every Lipschitz function /. 

The best result to date concerning the description of the class of functions for 
which the left-hand side of (H]) makes sense is due to V. Peller in [H] , who established 
that for / G Bl^i (for definition of the Besov classes see [TJ] and references therein). 
However, there is an example of a continuously differentiable function /, a unitary 
operator U and a self-adjoint operator Z G such that 

f{c^u)- f{u)is\n). 

Such an example can be found in [12] (see also additional discussion and references 
in [8], and [15], [2], |5], |6]). 

Let now / G C'^(T), let U G B{H) be a unitary operator and let Z G be 

a self-adjoint operator. Then the difference operator f{e^^U) — f{U) belongs to 
and the function t /(e*‘^t/) — /(!/) from R into is differentiable, 


1 


2 


C. COINE, C. LE MERDY, D. POTAPOV, F. SUKOCHEV, AND A. TOMSKOVA 


see e.g. [m (2.7)]. Let denote its derivative at t = 0. In [TH 

Problem 1], in connection with the validity of the so-called Koplienko-Neidhardt 
trace formula, V. V. Peller asked whether the operator 

( 2 ) 

necessarily belongs to S^{TL) under these assumptions. He proved that this holds 
true whenever / belongs to the Besov class and derived a Koplienko-Neidhardt 
trace formula in this case. The main purpose of this paper is to devise a counter¬ 
example which shows that Peller’s question has a negative answer, see Theorem IT^ 
below. 

In the preceding paper [7] we proved the following result: there exists a C^- 
function / : R —R with a bounded second derivative, a self-adjoint (unbounded) 
operator A on TL and a self-adjoint operator B in such that 

f(A + B)-f{A)-j^{f{A + tB))^^^^ i S\n). 

This answered in negative another question raised by V. V. Peller in M- It should 
be noted that the first step of the proof of Theorem [1^ follows the proof of the 
main result of [7], in the sense that we apply a formula obtained in [71 Theorem 
6 ] (restated below as Theorem [1]). However the key ideas of our approach here 
are completely different from those in |7]. Indeed, to construct our example we 
consider bounded (unitary) operators only, and therefore we have to work with 
functions whose derivatives have singular points belonging to T, whereas in [7] such 
points were based at infinity. Our analysis here is partly based on results from [T], 
where some fine estimates for operator-functions of such type were obtained. 

In Section 2 we give some background and preliminary results on bilinear Schur 
products and multiple operator integrals in the finite dimensional setting. In Sec¬ 
tion 3 we establish a new formula relating the operator ([J) to the actions of appro¬ 
priate multiple operator integrals. Section 4 consists of various finite dimensional 
estimates concerning multiple operator integrals. The main result is established in 
Section 5. 

We end this introduction with a few notation. Throughout we let (t(A) denote 
the spectrum of an operator A and we let || ||p denote the norm on the Schatten 
space S^{H). For any integer n > I, we let be the space C" equipped with its 
standard Hilbertian structure and we let M„ be the space of all n x n matrices 
with entries in C. Further for any 1 < p < cxd, we let denote this matrix space 
equipped with the Schatten p-norm || • ||p. 


2. Multiple operator integrals in the finite dimensional case 


For any double-indexed family M = we let Lm- Mn —)• M„ denote 

the linear Schur multiplier defined by 


^ ^ Ain- 

Likewise for any triple-indexed family M = we let Bm '■ Mn x Mn —>■ 

Mn denote the bilinear Schur multiplier defined by 


Bm{X, Y) = 


2 ^ 

•fc=l 


X = [ly], Y = [yy] e Mn- 


The following result from [7] will provide a key estimate in the resolution of Peller’s 
problem. 
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Theorem 1. [71 Theorem 6] Consider a triple-indexed family M = 
and for any k = 1,..., n, set M(k) = {iTiikjyf j=i ■ Then we have 

\\Bm ■ X ^ S^W = sup \\LM{k)- 

l<k<n 


We now present the finite dimensional versions of double operator integrals (resp. 
triple operator integrals) associated to a pair (resp. a triple) of normal operators. 
We follow [71 Subsections 3.1 and 3.2]. In the latter paper, we considered self-adjoint 
operators only, however the extension to the normal case is straightforward. 

Let Uq, Ui G B{£'^) be normal operators. For j = 0,1, consider an orthonormal 
basis of eigenvectors for C/,-, let be the associated n-tuple of 

eigenvalues, that is, and let denote the orthogonal projec- 

tion onto the linear span of Q . Then Uq and Ui have spectral decompositions 

n n 

i=l k—1 

For any function (/;: C, we let : B{i'^) -G B{£'^) be the linear operator 

defined by 

n 

^ XGB{£l). 

i,k—l 


Next let U 2 G B{£‘^) be a third normal operators. Again consider a spectral 
decomposition 

n 

i=i 

that is, Pj ^^,..., P^^^ are pairwise orthogonal rank one projections and ,..., Zn'^ 
are eigenvalues of U 2 ■ 

For any '0: —)■ C, we let : B^i"^) x B{£‘^) -G B[£‘^) be the bilinear 

operator defined by 

n 

(3) ^ X,YGB{£l). 

i,j,k—l 

The following results relate the norms of the above operators to the norms of 
certain Schur mutlipliers. The (easy) proofs of these equalities are explained in [7]. 


Lemma 2. Let Uo,Ui,U 2 G B(£^) be normal operators. 

(a) For any function 0: -G- C, consider the double-indexed family 


Then 


T 


Uo,Ul . ij^CXD 


: 5“ ^5“ = 


I Tm^ ■ S° 




(b) For any function tp: —>■ C, consider the triple-indexed family M.^ 

{'^(4°\z^^\zf'’)Y Then 


\T 


Uo,Ui,U2 . o2 


b 


: X <S„|| — X 5, 


The definition Q only depends on the value of ip on the product of the spectra 
of the operators Uq,Ui,U 2 . Hence in the definition of the function ip 

could be defined only on a subset of containing the product of these spectra. 
A similar comment applies to the definition of sequel, the normal 
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operators Uj will be unitaries and we will deal with functions ijj (resp. (j)) defined 
on (resp. on T^). 

We will need the following approximation lemma. 


Lemma 3. Let Uq, Ui, U 2 S be unitary operators and let {Fm)m be a sequence 

of unitaries such that —>■ Uq in the uniform operator topology as m ^ 00 . Let 

Then 

rrFm,Ul,U2 , rrUo,Ul,U2 

^ as 00 . 


Proof. Let F G be any unitary operator. Consider a spectral decomposition 

F = ^iBi- Let X,Y G B{i'^). According to ([21), we have 


tFU^,U2^X,Y)= ^ 

n n 

1 : 


_^-pU)ypy) 


j,k—l i—1 


= Y. f,{F,z\}\zf'^)XPi^'^YPY, 

j,k=l 


where ^^{F, z'^^) is the operator obtained by applying the continuous functional 

calculus of F to ■!/'(•, 

For any (p G C'(T), the mapping F i-A p{F) is continuous from the set ot unitaries 
of B{£‘^) into B{£‘^). Hence for any j, fc = 1,..., n, 

—> tpiUo, z[^\ asm-5>oo. 

From the above computation we deduce that for any X,Y G 

T^rn,Ui,U2^j^^Y) T^°B^B^X,Y) as m ^ 00 . 


Since and act on a finite dimensional space, this proves the 

result. □ 


Remark 4. Similarly for any unitary operators Uo,Ui G for any sequence 

{Fm)m of unitaries on such that Fm —>■ C/q as m —>■ 00 , and for any (f G C'(T^), 
we have 


rpFmPl _ rpUo.Ul 


as m —>■ 00 . 


3. From Feller’s problem to multiple operator integrals 


Let / G C'^(T). The divided difference of the first order is the function 
C defined by 


{zo,zi) 


' /(^o)-/(zi) 

20 —zi ’ 


if zo ^ zi 
if zo = zi' 


zq, zi G T. 


This is continuous function, symmetric in the two variables (zo,Zi). 

Assume further that / G C'^(T). Then the divided difference of the second order 
is the function —>■ C defined by 


(Z0,Z1,Z2) 


20-22 

£f^^Hz,zi) 


if Zo ^ Z2, 
if Zo = Z 2 


Zo,Zy,Z2 G T. 


Note that is a continuous function, which is symmetric in the three variables 
(zo,Zy,Z2). 
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Double and triple operator integrals built on divided differences provide remark¬ 
able formulations for the functional calculus of normal operators. Here we restrict 
to unitaries. First whenever Uo,Ui S B{£‘^) are unitary operators and / G C'^(T), 
then 

(4) /(t/o) - fiUi) = {Uo - C/i). 

The elementary argument in [71 Subsection 3.4] yields this well-known identity. See 
[m (2.4)] and the references therein for the validity of that formula in the infinite 
dimensional setting. 

Second, let Z G B{£‘^) he a. self-adjoint operator and let U G B{i‘^) he a unitary 
operator. Then the function 1 1 —)• /(e*‘'^f/) is differentiable and 

(5) = 

Indeed by m, we have 

/(e*‘^C/) -/(H) 

t " /w V t ) 

for any t ^ 0. Since = iZ, the result follows from Remark 01 

The following identity may be viewed as a higher dimensional version of (0)1. A 
similar result was established in [71 Theorem 15] for self-adjoint operators. The 
proof is identical so we omit it. 

Proposition 5. Let f G C^(T) and let Uo,Ui,U 2 G B{i^) be unitary operators. 
Then for all X G B{i^) we have 

- Ui,X). 

We conclude this short section with a formula relating the second order pertur¬ 
bation operator m with a combination of operator integrals. 

Theorem 6. For any self-adjoint operator Z G B{£'^), for any unitary operator 
U G B{£^) and for any f G C'^(T), we have 

(6) /(e*^t/)-/(t/)-^(/(e*‘^;7))|^^^ 

= - U, iZU) + -U - iZU). 

Proof. By (0]) we have 

fie^^U) - f{U) = - U). 

Combining with ([5]), we obtain 

f{F^U) - fiU) - -U)- T^j^{^ZU). 

By linearity, the right-hand side can be written as 

-U -iZU) + {iZU) - T^{^{iZU)). 

Applying Proposition [S] we obtain that 

{iZU) - T^{^{iZU) = - U,iZU), 

and this yields the desired identity ([ 6 ]). □ 
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4. Finite-dimensional constructions 

In this section we establish various estimates concerning finite dimensional oper¬ 
ators. The symbol ‘const’ will stand for uniform positive constants, not depending 
on the dimension. 

The estimates we are going to establish in this section start from a result going 
back to [T]. Let h: [——;■ R be the function defined by 

) % 

0 , X = 0 

Then /i is a C^-function. We may extend it to a 27r-periodic C^-function, that we 
still denote by h for convenience. 

According to [U Section 3], there exists a constant c > 0 and, for any n > 3, 
self-adjoint operators such that 

(7) \\RnDn - DnRnWoo < TT 

and 

(8) \\Rnh{Dn) - h{Dn)Rn\\^ > c log(n)5. 

By changing the dimension from 2n to 2n -|- 1 and adding a zero on the diagonal, 
one may obtain the above results for some self-adjoint operators i?„, £ B{^ 2 n+i) 

satisfying the additional property 

(9) 0 £ a{Dn). 

We shall derive the following result. 

Theorem 7. For any n > 3, there exist self-adjoint operators Bn £ B{£ 2 n+i) 
such that Bn yf 0, 0 £ a(An), 

\\h{An -f Bn) - h{An)\\^ > const log(n)5||B„||oo, 

and the operators A„ and An Bn are eonjugate. That is, there exists a unitary 
operator Sn £ such that An Bn = Sn^AnSn- 

Proof. Let us first observe that for any > 1 and any operators X,Y € B{£\), 

_ -y^itX 

(10) - - - >i{XY-YX) ast^O. 

Indeed, this follows from the fact that -^{e^^^)\t=o = 

Consider Dn and i?„ satisfying ©, (0) and ®. For any f > 0, define 

Bn,t -D„. 

On the one hand, applying (flUl) with X = Rn and Y = Dn, we obtain that 

~ ||73n,t||oo = — 

1 

t 

-1 \\RnDn - DnRnWoc, 

as t ^ 0. 

On the other hand, using the identity 


-D, 

gitR^Dn - 


h(x) := 


!|(log 


logl# 
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and applying (nni with X = Rn and Y = h{Dn), we have 

+ B^^t) - h{Dr,)\\ = - h{Dr,)\\^ 

t " WOO -f- \\ MOO 

-^ \\Rnh{Dn) - h{Dn)Rn\\oo 

as t ^ 0. 

Therefore, there exists t > 0 such that 
(11) ^ \\RnDn - DMloo < liBn.tIloo < ^TTt 

and 

The above two estimates lead to 

\\h{Dn + Bn,t) - h{Dn)\\^ > ^ log(n)^ ||B„,t||oo- 

Furthermore property dH]) implies that and i?„ do not commute. Hence the first 
inequality in (ITTl) ensures that Bn,t ^ 0. 

To get the result, we set and = Bn^t- According to the definition 

of Bn^t, the operators A„ and A„ + Bn are conjugate. All other properties of the 
statement of the theorem follow from the above estimates and (0. □ 


Let g € (T) be the unique function satisfying 

(12) g(e*®) = h{0), 0 e K. 

The following theorem translates the preceding result into the setting of unitary 
operators. 

Theorem 8. For any n>3, there exist unitary operators Ar„ £ B{^ 2 n+i) such 
that 

Hn^Kn, a{Hn) = CT{Kn), lea(iL„), 

and 

(13) ll 5 '(Ar„) - g{Hn)\\oo > const log(n)5||iF„ - iL„||oo. 

Proof. Given any n > 3, let An., Bn be the operators from Theorem [71 and set 
Hn = and Kn = 


These are unitary operators. Since A„ and A„ + are conjugate, they have 
the same spectrum hence in turn, cr(iJ„) = a{Kn). Moreover 1 £ a {Fin) since 
0 £ a{An). Since A„ and A„ + i?„ are conjugate but different, their sets of spectral 
projections are different. This implies that Hn ^ Kn- 
By construction we have 

g{Hn) = h{An) and g(Kn) = h{An + Bn). 

Therefore, by Theorem [71 we have 

\\g{Kn) - g{Hn)\\oo > constlog(n)5||.B„||oo- 


Moreover 

||l^n-Lfn||oo= 

by [HJ Lemma 8]. This yields the result. 


□ 


< ||S„||oo 
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Let /: T —C be defined by 

(14) f{z) = iz-l)g{z\ zeT. 

It turns out that / € C^(T). This follows from the definition of h, which is 
on (—\ {0}, and the fact that liuix^o xh"(x) = 0. Details are left to the 
reader. 

We also define an auxiliary function <; : C given by 

(15) c;{zo,Zi,Z2) = Zif^'^^{zo,zi,Z2). 

Lemma 9. For any Zo,Z 2 G T, we have 

^( 20 , 1 , 22 ) = g[^](zo,Z 2 )- 

Proof. By the definition of <j, and since 21 = 1, it is enough to prove that 
( 2 : 0 , 1 , 22 ) = ( 2 : 0 , 22 ), 20,22 G T. 

We have to consider several different cases. Let us first assume that zo 7 ^ 22 . If 
zo 7 ^ 1 and Z 2 ^ 1 , then we have 

n\^]f ^ /(^o)-/(l) /( 1 )-/(Z 2 ) 

/[«(=„, i,«) = l!-l=“a)-/W(i,«) _ - 


Zo - Z2 


ZO - Z2 


= df 2 Vd 2 )=gi.io„,.,). 

Zo - Z2 

If Zo = 1 and Z 2 7 ^ I, then using ^/(z)| 2 =i = (?(1) = h{0) = 0, we have 
/[^](I 1 Z 2 ) = /‘^Hl,l) - /^^H 1 , 2 ^ 2 ) ^ £fiz)i^=i - 

’ ’ ^ 1 - Z 2 ' • 

1 — Z2 

The argument is similar, when zo 7 ^ I and Z 2 = 1- 

Assume now that zo = Z 2 . In this case, we obtain that 

d 


/(l)-/(^2) 

1 - 2:2 

I - Z 2 


1 ^ “ fllD ^ f fi^) /(l)^ 

/ (zo,l,zo) - (z,I)|^=^„ - . 1 


Z — 1 / \z=z 


= -^ 9 {z)\z=zo =ff'^'(zo,zo). 


Corollary 10. For any n > 3, there exist unitary operators iL„,Ar„ G B{i? 
such that 

a{Hn) = cr{Kn), 

and 


□ 

2 n+l) 


(16) 






■ Sin +1 X ' 5|„+1 ^ > 52 n+i|| > const log(n) =. 


Proof. Take Fin, Kn as in Theorem [S] these unitary operators have the same spec¬ 
trum. Let be the sequence of eigenvalues of the operator iL„, counted 

with multiplicity. Since 1 G a(FIn), we may assume that jii = 1. According to 
Lemma [5] and Theorem [TJ we have 


\rpK„,Hn,Hr^ . c 2 V c 2 —i. I 

• ‘->2n+l X 02n+l 'Z> 2 n+l\ 


= max 

l<fe<2n+l 


\rpKn^Hn . <?00 

• ^^271+1 


000 

^ 2 n+l II ? 


where, for any A: = l,...,2n-|-1, we set 

^^(20,21) := :r(zo,/ifc,zi), zo,ZiGT. 

In particular, the inequality 


\rpKn,Hji,Hn . <?2 ^ q 2 

• ^ 2 n+l ^ ^ 2 n+l 


cl II \ IIT^ 
^2n+l|| ^ ||-^?i 


Kn,Hn . QOO . QOO I 
• ^ 2 n+l ^ 2 n+l | 












PELLER PROBLEM 


9 


holds. From Lemma IHl we have that 

^i(zo,zi) = <r(zo, ^,zi) = g[^l(zo,zi). 

Therefore, we obtain 

. (-2 ^ <-2 , (-1 II ^ llrnK„,Hn 

\\J-r- . Oo^ii A Oo^ii r 0‘ 


(17) ir. 

Since iL„ ^ Kn, we derive 


2n+l ^ ^2n+l 


2n+l 11 — 


> \\T 


[1] 


: 5: 


'2n+l 


d^oo 

■ ^2n+l I 


\rriKn,Hn,Hn . <?2 q2 

■ ^2n+l ^ ^2n+l 


5. 


'2n+l|| ^ 




\\K^-HJ, 


From the identity (jH), we have {Kn — Hn) = g{Kn) — g{Hn)- Hence the 

above inequality means that 


\rpK„,Hn,H„ . o 2 V 

1-^^ • ‘J2n+l ^ ‘^2ri+l 


> 


\\giKn)-giHn 


\\Kn-Hn\\c 


□ 


■^2n+l 11 — 

Applying dT!?l) we obtain the desired estimate. 

We are now ready to prove the final estimate of this section. 

Corollary 11. For any n > 3, there exist a self-adjoint operator Wn S B{£'^n+i) 
with ||Wn ||2 < 1 and a unitary operator Un £ ^(^ 8 n+ 4 ) such that 


(18) 


T^[ 2 ]^"'^"{WnUn,WnUn) ^ > const log(n) ^ . 


Proof. We take Hn and Kn given by Corollary [TUI Then we consider 


(19) 


Vn := 


Kn 0 
0 Hn 


and then 


Un := 


14 0 

0 14 


Then 14 is a unitary operator acting on iln -\-2 14 is a unitary operator acting 

on C+4- 

We claim that there exists a self-adjoint operator 114 £ B{ign+ 4 ) such that 
IIH 4 II 2 < 1 and 

||Tf"’^"’^"(114,lF„)||^ > const log(n)i 

Indeed, using and the fact that Hn and Kn have the same sprectrum, this 
follows from the proofs of [71 Lemmas 22-25]. Indeed the arguments there can be 
used word for word in the present case. It therefore suffices to show 

(20) = ||T^^4''"’''"(lF„t7„,lF„[/„)||j. 

For that purpose we set N = 8n -I- 4 and consider a spectral decomposition 
Un = z^iUi of Un- Then by definition ([3]) we have 

N 


T^-’^-’^-{WnUn,WnUn)= ^ Zk, Zj)P,{WnUn)Pk{WnUn)Pj 

—1 

N N 

= Y, f^^\z„Zk,Zj)P,Wn(j2^lP‘)Pl^^nPjUn 

i,jjk—l 1—1 

N 

= Y Zkf^‘^\zi,Zk,Zj)P^WnPkWnPjUn 


N 

^ ^{zuZk,Z,)P,WnPkWnPjUn 
= T^-’U-’U-{Wn.Wn)Un. 

Since C4 is a unitary, this equality implies (l20l) . which completes the proof. 


□ 
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5. A SOLUTION TO Feller’s problem for unitary operators 


In this section, we answer Feller’s question raised in [H Froblem 1] in the 
negative. 

Theorem 12. There exist a function f G C'^(T), a separable Hilbert spaee TL, a 
unitary operator U G B{TL) and a self-adjoint operator Z G such that 

(21) f{e^^U) - f{U) - ^ s^H). 

In the above statement, ^ |(_q denotes the derivative of this function 

at t = 0. We refer to [El (2.7)] and the references therein for the facts that for 
any / G C^(T), for any unitary operator U G B{'H) and any self-adjoint operator 
Z G the difference operator f[e^^U) — f{U) belongs to and the 

function t i-A f{e^*^U) is differentiable from R into S‘^{TL). Therefore, the operator 
in (1^ belongs to 

Theorem [El will be proved with the function / given by (fHl) . We will combine a 
direct sum argument and the following lemma, whose proof relies on Corollary [TTJ 


Lemma 13. For any n > 1, there exist a non zero self-adjoint operator Zn G 
73 (I'|„_|_4) and a unitary operator Un G 73(£|„_|_4), such that 


( 22 ) 

and 

(23) 


lim 

n—>-oo 


E 11^-112 


fie^^-Urf) - /([/„) - 


l^nlli 


= oo. 


Proof. We fix n > 3 and we take Wn and C/„ given by Corollary |TT] Note that 
changing Wn into ||IF„||^^IF,i, we may (and do) assume that ||IF „||2 = 1. We 
consider the sequence 

W^ni.n — Wyi, m ^ 1, 


and we set 


R,n,u := f[^^-’-Un) - fiUn) - ^ • 


By Theorem [51 we have 

(24) m^R,n,n = - C/„),^W„C/„) 

+ T 

Note that 


- Un-iWm,nUn))- 


771(6*^”*’" — In) — t iWn as m — > OO. 

Hence by Lemma [31 we have 

- Un),iWnUn) T^fjf-'^-{lWnUn,lWnUn) 
as m ^ OO. This result and Corollary [TT] imply that for m large enough, we have 
(25) r®p, - Un),iWnUn) ^ > const log(n)^. 

We now turn to the analysis of the second term in the right hand side of (IMll . 
Since / € C'^(T), there exists a constant K > 0 (only depending on / and not on 
either n or the operators Un and Wm,n) such that 

iWrr 


T 


/[ii 




‘58„+4|| < K. 
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This follows from [3] (see also [H]). 
Now observe that 


.2 ^ ^ as m ^ oo. 




Hence we have 


(26) 


^/[i] 


•f/n.C/n /'^2/iW, 


-Un- iW^M) < K\\Wl\\i = K\\Wn\\l 


for m large enough. 

Combining (1331) and (I33)) . we deduce from the identity (IMl) the existence of an 
integer m > 1 for which we have an estimate 

(27) > const log(n)T 


We may assume that m > n, which ensures that 

||Wm,n||2 < —• 
n 

Then we set = Wm,n- The preceding inequality implies that ll^ralli < oo- 
Since ||Vbn ||2 = 1, we have H-^nlb = hence the estimate (1371) yields (1331) . □ 


Proof of Theorem [731 We apply Lemma [T3] above. We set 
Pn := ||/(e*^”C/„) - /([/„) - 

for any n > 1. Since {/3ra||^n||^^}^]^ is an unbounded sequence, by (I23|) . there 
exists a positive sequence (ari)n>i such that 

OO OO 

(28) ^a„<oo and ^ a„/3„||Z„||^^ = oo. 

n—1 n—1 

Set 

= [Q;n||-^n||2 

where [ ■ ] denotes the integer part of a real number. We have both 
Nn\\Zn\\l<Oln + \\Zn\\l and Nn>an\\Zn\\f‘^. 

Hence it follows from (1331) . ((331) and (1331) that 

OO OO 

^iV„|lZ „||2 < OO and ^ fV„/3„ = oo. 

n—1 n=l 

We let Tin = ^?/„(^in+ 4 ) we let Zn (resp. Un) be the element of B{'Hn) 
obtained as the direct sum of copies of Zn (resp. Un)- Then Zn is a self-adjoint 
operator and = -^nll^nlli- Consequently, 

OO 

(29) ^||Z„||2<oo. 

n—1 

Likewise C/„ is a unitary operator and we have 

||/(e*^"t/„) - f{Un) - |(/(e*‘^"C>«))|*=olli 

= Nn\\f{U^-Un) - f{Un) - ^ (/(e'‘^" C^n)) || ^ = NnPn- 

Hence 
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We finally consider the direct sum 

T~L = ©n>l^r!- 

We let Z be the direct sum of the defined by Z{^) = {Zn{^n)}’^=i for any ^ = 
in H. Property (l29l) ensures that Z is well-defined and belongs to 
with \\Z\\\ = Likewise we let U be the direct sum of the Un- This is a 

unitary operator and ^ (/(e**^C^)) |j_q is the direct sum of the ^ |(_q- 

Therefore 

OO J 

= ^ ||/(e*^"t/„) - f{Un) - . 

n—1 

Since this sum is infinite, we obtain the assertion (EJ). □ 
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